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Abstract. We give a description of asymptotic quadratic growth rates 
for geodesic segments on covers of Veech surfaces in terms of the modular 
fiber parameterizing coverings of a fixed Veech surface. To make the 
paper self contained we derive the necessary asymptotic formulas from 
the Gutkin- Judge formula. As an application of the method we define 
and analyze d-symmetric elliptic differentials and their modular fibers 
rpsym ^ For giveu genus g, g-symmetric elliptic differentials (with fixed 
base lattice) provide a 2-dimensional family of translation surfaces. We 
calculate several asymptotic constants, to establish their dependence on 
the translation geometry of ^J"™ and their sensitivity as SL2(Z)-orbit 
invariants. 
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1. Introduction 

During the last decade major progress in calculating asymptotic quadratic 
growth rates of geodesic segments on translation surfaces has been made. 
After introducing an asymptotic formula for a special type of surfaces (see 
|V2| IV3j ) . now called lattice-, or Veech-surfaces, Veech found a fairly gen- 
eral integral-formula |V4j relating the asymptotic constants of a translation 
surface to the SL2(M)-orbit closure of the surface in the moduli space of 
translation surfaces. To evaluate the so called Siegel-Veech formula for a 
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particular translation surface one needs to calculate the volume of the clo- 
sure of the surfaces SL2(M)-orbit in moduli space, which in general is not 
known to be well-defined, since presently there are no general structure theo- 
rems for SL2(M)-orbit classification. First assuming the SL2(M)-orbit closure 
of a surface is a complex manifold, one can rewrite part of the Siegel-Veech 
constants in terms of volume of this orbit closure. To complete the evalu- 
ation of Siegel-Veech constants one has to know the orbit (s) of the surface 
with respect to the action (of conjugates) of the unipotent group 

^ ■.= {[li] : teM}cSL2(M). 

Specifying an -orbit closure classification is known as the Ratner problem 
for the moduli space of (translation) surfaces (see |EMZj ). Improvement of 
Veechs work by Eskin and Masur |EM98j says that the generic surface in a 
stratum admits Siegel-Veech constants. Essentially a "generic" surface has 
the whole stratum as its SL2(M)-orbit closure. Strata are complex manifolds 
and certain Siegel-Veech constants for "generic" surfaces in a given stratum 
have been calculated in |EM98llEMZ] . 

This leaves the fundamental problem to tell, if a given surface actually 
belongs to the generic set. Jet another difficulty is the complexity arising 
in volume calculations for "spaces" of high genus surfaces. Moduli space 
volumes rely on counting torus coverings and have been studied in |EMZj 
using results of |EUj . 

A class of examples where one understands all SL2(]R) (and '^) orbit 
closures are spaces of torus-covers. In fact spaces of torus-covers cover a 
homogeneous space themselves, therefore we have a Ratner- Theorem with 
respect to the action of the unipotent group ^ on spaces of torus-covers. 
Recently Eskin, Marklof and Morris- Witte established a Ratner Theorem 
for spaces of coverings of Veech surfaces which are not tori (see |EMM) ) . 

For genus 2 torus-covers generic Siegel-Veech constants were calculated 
in [EMS]. 

So far the literature does not provide an applicable method to calculate 
Siegel-Veech constants for surfaces in arbitrary high genus, avoiding the 
above mentioned difficulties of the general approach. There is motivation to 
have such a method partly related to polygonal billiards, but also to study 
the inner structure of series of asymptotic constants as found in |EMSj . In 
this paper we develop a method to calculate Siegel-Veech constants [HEj for 
moduli spaces of coverings of Veech-surfaces and express the constants in 
terms of the translation geometry of the modular fiber parameterizing cover- 
ings of a fixed Veech surface. Finally we define and describe a 2-dimensional 
(fiber-) space of torus-covers in any genus, including an evaluation of Siegel- 
Veech constants for all surfaces parameterized by these modular fibers. 

Recall that a translation surface is a Riemann surface X together with an 
atlas whose chart changes are translations in C. Equivalently one can con- 
sider pairs {X, to), where X is a Riemann surface and to € Q(X) a non-trivial 
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holomorphic 1-form on X. A translation atlas allows to glue together local 
the local 1-forms dz, obtaining a global holomorphic 1-form uj on X. The 
induced metric has finitely many singular points, or cone points, which are 
located in Z{lo), the set where uj vanishes. This allows to consider the 
set SCx{pi,P2) of all geodesic segments connecting two given cone points 
Pi,P2 G Z{lo), not containing any other cone point. Goedesic segments with 
this property are usually called saddle connections. 

Closed geodesies on {X,uj) not containing cone points typically appear 
in (maximal) families of parallel geodesies having the same length, say w. 
Any maximal family covers an open set on X isometric to a cylinder = 
M/wZ X {0,h), the positive number h is called height of the cylinder and 
w = w{'^) is its (core) width. The images of the closed geodesies under this 
isometry are horizontal loops M/ifZ x {/} . 

To specify the growth rate problems take the set of maximal cylinders 
Cylx on X or one of the sets SCx{pi-,'P2) and consider the counting function 
M+ ^ N 

T ^ N{Cylx,T) := \{^ G Cylx : w{^) < T}\. 

The following result is fundamental (see |MH IM2j and |EM98j for a recent 
version) : 

Theorem [Masur] There are constants Cmin, Cmax such that 
< 

Cmin 

T < N{Cylx,T) 

^ CmaxT , whenever T" >> 0. 

A similar statement holds for the function N{SCx{pi,P2),T) counting sad- 
dle connections between pi & X and P2 X shorter than T. In case the 
space SL2(M) • {X,uj) obeys a Ratner Theorem, Masur 's Theorem upgrades 
to 

N{Cylx,T) 
TT ■ Ccyi{X) = hm -2 . 

We recall that the SL2(M)-action on translation surfaces is defined as fol- 
lows: 

Take a natural chart Cip) = Jp^ ^ around pq € X\Z{uj) and simply postcom- 
pose this chart using A € SL2(M) acting real linear on = C. Doing this 
for all natural charts gives a new translation structure {X,u)) = A ■ {X,uj). 
Obviously the numbers and orders of the zeros of uj agree with the ones of 
UJ. Since the SL2(M)-action descends to an action on the moduli space of 
translation structures, the above implies that the SL2(M)-action preserves 
sets of Abelian differentials with given singularity pattern, so called strata. 
Strata are complex orbifolds 'Vll and SL2(M) ■ {X,u!) is typically (for the 
generic surface) the whole stratum, but sometimes just a subset (of shape 
which has yet to be described). 

We are interested in Abelian differentials {X,uj) which are branched covers 
of tori. 
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Elliptic differentials. A lattice A C = C is a subgroup such that M^/A 
is a torus. The pair {X,uj) is called elliptic differential, if there is a lattice 
A and holomorphic map vr : X — > C/A , such that 

uj = Tr*dz. 

Throughout the paper we assume lattices denoted with A are unimodular, 
i.e.: 

/ dx A dy = 1. 

Jc/A 

However for our purpose a slightly extended notion of elliptic differentials is 
appropriate to cover degenerated differentials. 

Degenerated elliptic differentials. An elliptic differential (X, pi, ... ,pn,uj) 
consists of the following data: 

• a topological space X and a set of points {pi, ...pn} G X 

• a Riemann surface structure on X — {pi, ...pn} 

• a branched covering p : X — {pi, ...pn} — > C/A 

• an induced differential uj = p*dz on X — {pi, ...pn}- 

We call an elliptic differential regular, if {X,pi, ...,pn,u!) extends to a dif- 
ferential on X, otherwise we call {X,pi, ...,pn,u>) degenerated. Note that 
this notion includes for example unions of tori over the same base lattice, 
identified in finitely many points. This class of degenerated elliptic differ- 
entials appears naturally in the compactification of modular fibers. The 
degenerated differentials are just stable curves equipped with a holomorphic 
differential away from finitely many singular points. 

Connected spaces of elliptic differentials S", which are closed under the action 
of SL2(K) admit a fiber bundle structure: 

(1) ^ — — ^ SL2(IR)/SL2(Z). 

Here the fiber ^ is the set of all torus covers in S" which cover a particular 
torus C/A. Usually we consider the fiber over A = which causes no 
restrictions of generality. It is easy to see, that the lattice of absolute periods 
of T, i.e. 

Per(r) := j^^r : [7] e HiiY;Z)^ C C, 

equals A for all (1", r) € We will prove the following special version of a 
statement in |S2j : 

Theorem 1. Given an elliptic differential {Y,t) with Per(r) = I? and ex- 
actly two cone points po,pi. Assume vr(pi) — 7r(po) ^ Q^/Z^, i.e. is not 
torsion with respect to the natural translation cover n : Y ^ y/Per(r). 
Then := SL2(Z) • {Y,t) admits a natural structure as an elliptic differ- 
ential {^ry^r) with a lattice group of affine homeomorphisms: 

(2) D Aff+(^^,w^) ^ SL(C/ Per (r),(iz) ^ SL2(Z). 
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In addition 9 ^ is a periodic direction on {X,uj), if and only if it is pe- 
riodic on ,^r- -^T decomposes into maximal open cylinders '^i, ...^'^n^, 
with top boundary components d*"^'tfi, d*"^^^n^ ■ 

The cylinder decomposition '^j_i(a), "^j^^- (a) of any {S,a) € '^i in di- 
rection 9 is the same, in the sense that the foliation ,^0(8, a) contains Ui 
cylinders having width Wi,j = w{^i^j{a)) independent of (S, a) G '^i. 

Remark 1. The space might not be connected, for this reason we use 
its affine group rather than assigning a "Veech group" to it. For example 
think of an arithmetic torus cover (1", t), then the modular fiber 



is a finite union of Veech surfaces with Veech group a sub-group of SL2 (Z) . 
We then say the affine group of this union of surfaces, i.e. the modular fiber 
is Aff+(^^) which in turn has linear part D Aff+(^^) = SL2(Z). More 
general, if we start with a torus cover (y, r) and obtain a 2-dimensional 
modular fiber 



having affine group Aff+(^T-, w,-) with linear part D Aff+(^^, Wr) = SL2(Z). 
It is known (see [UHS] . lEMMj ) that the Aff+(^^, u;^)-orbit of a non- 
periodic "point" {Y-,t) G is equally distributed in (w.r.t. Lebesque 
measure). 

Remark 2. Theorem 1 can be generalized to non-arithmetic surfaces. Mod- 
ular fibers {^r^^r) are surfaces (or spaces) which should be studied for itself. 
The modular fibers of genus 2 torus-coverings for example provides a family 
of arithmetic surfaces with unbounded genus, but yet accessible structural 
properties, see jSHj. Subspaces of (higher dimensional) modular fibers which 
are Veech-group invariant and 2-dimensional are studied in |HSTj . 

In this paper we study the easiest case of modular fibers: when the mod- 
ular fiber is a torus itself. 

Asymptotic constants via modular fibers. From now on, whenever we 
write down a modular fiber as a pair (^, Wj^), i.e. equipped with an Abelian 
differential, we assume it has dimension 2. 

Theorem 2. _S3^ Assume {^rj^r) is the modular fiber of a space of elliptic 
differentials which are translation covers of {M? /I? ,dz). Denote the maxi- 
mal horizontal cylinders in ^/j(^,-,u;^) by '^1, ... Further assume the 
Ui maximal cylinders in the horizontal foliation of {S, a) E '^i have width 
Wi^i, ...,Wi^m- If {S,a) G has infinite Aff+(.^T-, w,-) orbit, then it admits 
the Siegel-Veech constant 



SL2(Z)-(y,r) = ^,. 



SL2(Z) • (y,r) =^r = AS+{^r,iOr) ■ {Y,t) 



(3) 
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for maximal cylinders. If the orbit 

Ga ■■= i^r, UJr) ■ {S,a) C 



is finite, we have 



I "I i=l \fc=l t,k k=l 



The Theorem expresses Siegel-Veech constants as quantities depending 
on the horizontal fohation of the modular fiber {^T,u)r)- Note that each 
leaf ^ G ^hi^r^i^r) lias a finite ^ n SL2(Z) orbit. Looking at the 
orbit of ^ in (f, we see either a disjoint union of cylinders, if ^ is a saddle 
connection, or a disjoint union of 2-tori in (o', if ^ is a regular loop. That 
shows, the ^ orbit closures (of (S*, a)), might be much smaller than the 
SL2(Z)-orbits (of (5, a)). 

Saddle connections. For saddle connections one obtains a very similar 
formula involving the saddle connections in ^^{^t-i^t)- Indeed given a 
saddle connection s on a finite SL2(Z) orbit surface {S,a) G with two 
cone points we can always find an ^ G SL2(Z), such that on A ■ (S, a) G 
the image of s, i.e. A ■ s, is horizontal. Restriction to the two cone point 
situation implies, that for each horizontal saddle connection s G ,^h{S,a) 
which connects one and the same cone-point there is a saddle connection in 
s,^ G c!^h{^ri^T) with |s| = In particular all horizontal saddle connec- 
tions on {r^T-,^T) have integer length, if (S, a) covers M^/z^. Moreover each 
rational point on a horizontal saddle connection of represents an arith- 
metic surface {S, a), having a horizontal saddle connection s which connects 
the two cone points of (S, a). In fact as a point (5, a) G s.^ G ^hi'-^rj^r) 
divides the saddle connection s,^ into two pieces, say and s~ , and {S, a) 
contains horizontal saddle connections of length \s~^\ and of length con- 
necting the two different cone points. There are two multiplicities rn^^ of 
saddle connections of length which are the same for all (5, a) G s,^. 



Theorem 3 (Saddle connections). |S3| Let SChi^r) C ^h{'^r,oJT) be 
the set of all horizontal saddle connections in then taking the assump- 
tions and notations of Theorem we find for the asymptotic quadratic 
growth rate c±{a) of saddle connections on {S,a) G connecting the two 
different cone points of (5, a) 



m' 



with Ga{s) := n s in the finite orbit case. For generic {S,a) we find 
2C(2) , 2C(2) , _ 

where dp = Op + 1 and Op is the order of the zero p G Z{u)r). 
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Remarks. One can break down these constants into smaller parts associ- 
ated with the orbit of a saddle connection s,^ € SCh[^^r-,^T)^ or SL2(Z)- 
orbits of cone points p € Z[bjT^ in the generic case. The terms mT and 
s~ do not appear in the expressions for the constants, because there is an 
isometric involution <^ G Aff"'"(^T-, Wt-) of which exchanges "+" and "— ", 
causing the factor 2 in the expressions. 

Let us also mention, that in case of our example the generic constant c±{ci) 
can be obtained by taking the limit over constants of any sequence of arith- 
metic surfaces (5j,ai) G i-e. 

lim c±(aj) = c±{gen) 



while it is (in general) not true that 

2 

area(^T-) 



^-^ m+ 2C(2) + , . 
/ TTT? ~^ when I oo. 



The reason for that has to do with the following observations: 

• For some saddle connections s,^ € SCh{^r-,^T) there are sequences of 
surfaces {{Si,ai)}^^ such that n = for all z G N. 

• The SL2(Z) orhit of all surfaces contained in the set 

A := SL2(Z) • SChi^r) C 

avoids the set ^hi'^T-.^r)- 

Note, that A is obviously an SL2(Z) -invariant Gg-set. 

d-symmetric differentials. The main goal of this paper is to carry out 
a completely explicit example illustrating Theorem ^ and evaluating the 
asymptotic constants in Theorem |21 To begin with, consider the following 
class of elliptic differentials: 

We call (Y, r) d-symmetric, if 

• r has exactly two zeros of order d — 1 

• Z/dZ C Aut (y,r) 

• deg(7r) = TT*{dx A dy) = d 

with the natural projection vr : (Y,t) C/Per(T). Here Aut(y, r) is the 
group of affine homeomorphisms of {Y,t), preserving the holomorphic one 
form CO. The automorphism group is finite, if g{Y) > 1, since homeomor- 
phisms of Y preserving r are in fact holomorphic. We obtain d-symmetric 
differentials using the following: 

Connected sum construction. Given an Abelian differential {X,uj) and 
a regular leaf ^ G ^g{X). Take a € ^ and define the line segment 

/ := [o,e]e*^ + a C ^. 

Then for d >2 and a cycle a E S'rf we define the Abelian differential 

#j^,iX,oj) or [#l^X,#l^L 
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by slicing d named copies Xi, ...,Xd of X along / and identify opposite sides 
of the slits according to the permutation a. The notation {^j ^X,^j ^uj) 

is useful, if one needs to consider the differential ^uj, or the Riemann 

surface #j ^X. 

The differential on ^X is uniquely defined by the property 

Note: we can rename the d copies of X such that the cycle a becomes 
r = (1, 2, 3, d). In this case we simply write: 

(7) #f(X,..) = #l,(X,..). 

We apply this construction to a torus covering, by taking d copies of and 
cut them along the projection of the line segment / = = [0, C C to 
T^. For the first we assume the image of 1^ on is not a loop. Denote the 
result by 

#'j{T^,dz) or simply i^jj^. 

One extends this to all line segments It, = [0, w] C C, by choosing a sequence 
Ivi of segments projecting injectively to T^, such that —>■ 1^ when i — > oo 
and takes 

#i{T\dz)=lim #i,{T\dz) 

on Teichmiiller space. 

The torus covers obtained by this connected sum construction have genus 
d and the translation structure has precisely two cone points of order d. For 
(i = 2 we obtain the example from the introduction of part one of this paper 
and for d = 1 one obtains 2-marked tori studied in |Slj . By construction 
every #j(T^,dz) has automorphism group 

l/dZ ^ Aut(#f(T2,dz)) C Aff+(#f(T2,dz)) 

and is a d-fold torus cover. Therefore all ^j{T'^,dz) are d-symmetric. 

Denote the set of isomorphy classes of d- symmetric coverings oiT'^ 

d 



by := - 1, d - 1). Then 



Theorem 4. The modular fiber {^2^^ ^oJd) is given by 

(^7™,c^d) ^ {R^/dZ^ - Z^/dZ^dz). 

The integer lattice 1? jdl?' C := M^/dZ^ represents degenerated differen- 
tials (with one cone point) in the compactification of ^^^"^ . 

Every d-symmetric differential in ^^'^ is represented by #f(T^,ciz) for an 
I C T2. 

There is an obvious, but interesting consequence: 
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Corollary 1. Given natural numbers g and n > 2, there is a d-symmetric 
differential (Y^t) G ^g^"^ , having the congruence group Ti{n) as Veech 
group. In fact an iY, r) with this Veech group is given by 

[#J/jT2,dz)] = [g/n + iO] G C/g{Z Zi). 

Note that ^^^^^(T^, (iz) is degenerated, if and only if g/n G or in other 
words n\g. Thus given n > 2, there are always infinitely many non-degenerated 
d-symmetric differentials with Veech group ri(n) as well as infinitely many 
degenerated ones with the same Veech group. 

For d-symmetric differentials we evaluate formula El and find: 



Theorem 5. Let {S,a) G be d-symmetric and {S,a) ^ Q'^/dT?, i.e. has 

mpto 

"Pip) 



infinite SL2{1,)-orbit in T^. Then the asymptotic quadratic growth rate of 
periodic cylinders Ccyi on S is: 



(8) c,yi{a)=2Y, 



p\d 

We evaluate formula 21 for d-symmetric differentials (5", a) G Q^/dZ^ C T^, 
the torsion points in ^J^™, as well. Finally we analyze special subsets of 
all saddle connections connecting the two cone points on {X,lo) G ^J^™. 
It turns out, that for given d and all 1 < m < d with m|d, there are o 
chains, each consisting of d/m parallel saddle connections which degenerate 
simultaneously, i.e. have the same length. We call such configuration of 
saddle connections m-homologous. Together all d/m chains belonging to a 
set of m-homologous saddle connections define a boundary in homology. We 
write down the asymptotic constants for m-homologous saddle connections 
for given {X,uj) G ^J^™. 

Convention. For objects related to modular fibers we will use script fonts 
like 'rf and Jif, while for (objects on) translation surfaces, which are not 
modular fibers, we use calligraphic fonts ^ and .if. 

Acknowledgments. This paper would not have been possible without the 
encouragement and sponsorship of Serge Troubetzkoy (IML-Marseille) , Ana- 
tole Katok (Penn State) and Marc Burger (ETH). The author is especially 
grateful for the support of the Max-Planck- Institute for Mathematics, Bonn 
in July 2004 and for stimulating discussions with Curtis T. McMullen and 
Anton Zorich during this time. 

2. Background 

Geodesic segments on elliptic differentials. For any 6 G [0, 27r] 
the direction foliations given by ker(sin(^)dx -|- icos{9)dy) on C define 
foliations ^g{C/A) on any torus C/A. The leaves of ^g{C/A) are straight 
lines and geodesies on C/A with respect to the metric |dzp = dx^ -|- dy^. 
These objects pull back to any elliptic differential (X, w), i.e. there are 
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direction foliations ^q{X,lo) having integral curves which are straight lines 
with respect to the metric |c<jp. 

Given a covering ti : X ^ C/A with to = Tr*dz, then a leaf ^ G ^g{X,uj) 
is compact if and only if 7r(^) G c^g{C/A,dz) is compact. In particular, 
if {X,uj) is a cover of (T^,dz) := (C/Z © Zi, c/z), leaves of ^g{X,uj) are 
compact whenever tan(0) G Q. A compact leaf which either has integral 
curve 7, or is represented by a homology cycle [7] is denoted by We 
call a leaf =Sf regular, if it does not contain any zeros of iv. 

Dynamics of SL2(Z) on T^. We collect facts on the SL2(Z) operation on 
2-tori T^Qj = (W/lPjdz, [0]) (marked in [0]). Recall that marked tori are the 
modular fibers for moduli spaces of d-symmetric differentials. 

It is clear that the affine group Aff+(T^,d2;) is isomorphic to SL2(Z) k 
C/Z © Zi with the multiplication 

{A, [a]) o {B, [b]) = {A-B,[b + Aa]) where a, 6 G and A, B e SL2(Z). 

Clearly the short exact sequence of affine map becomes 
(9) 

> C/Z©Zi — ^ SL2(Z) K C/ZffiZi — SL2(Z) > 1 

As mentioned above, we mark one point on T^, say the origin [0], to get rid 
of translations Aut{T'^, dz) = C/Z © Zi. 

By SL(T^^j,dz) C SL2(Z) we denote the stabilizer of the point [x] G T^. 
The projection of SL(T^^.p dz) to PSL2(M) is the Veech group of the two 
marked torus T^^j = (M/Z^, dz, [0], [x]) and we can regard SL(T^^.p dz) as the 
Veech group of (T^^j , dz) with distinguished marked points. If and only if 
[x] = X + 1? is rational SL(T^^j,(iz) is a lattice in SL2(Z), in fact: 



Proposition 1. Given a,b,n G Nq with gcd(a,6, n) = 1 then the stabilizer 
SL(T^^pciz) of [x] = [^,^] is conjugated to 

ri(n):={(-^) GSL2(Z): (^S)^(J?) mod n} C SL2(Z). 
Moreover for [x] = [i,0]; SL(Tf^j,dz) = ri(n). 

This is easy to see, compare |Sll up to the fact that there we allow affine 
maps which interchange the marked points. The linear part of this bigger 
affine group is isomorphic to Tf{n) := {±yl : A G ri(n)}. 

The SL2(Z)-orbit of [^,0] G is the set 



(10) 



a b 
-+i- 
n n 



G : a,b,n "Z with gcd(a, b, n) = 

= SL2(Z) 
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in particular 



[ri(n) : SL2(Z)] = \Gn\ = J] [l - 4) = ^{n)i^{n). 

The product is taken over all prime divisors p of n. We have also used the 
Euler (p function and the Dedekind function: 

(11) y,(n):=nn(l-^), ^(n):=nn(l + ^). 

p\n p\n 



Torsion points on T^. A point on T^, contained in 

TlH :=ker(T2^Tl) = AzVd(Z2). 

m 

for some m G N is called torsion point. The homomorphism denoted by m 
is z I— > m • z for z G T^. The order of a torsion point z G is the smallest 
m G N such that m • z = G T^. We denote the set of torsion points of order 
m on by T^(m). On the standard torus = Tf we have by equation IIUI 

(12) T\m) = SL2(Z) • [1/m] = Gm- 

Now the isomorphism 

^2 ^y"^, d'^ ■ z 

is SL2(Z) equivariant and identifies torsion points of order m. 

Cusps and fundamental directions. Take a lattice surface (X, cj), then 
Veech group SL(X, w) acts on the set of periodic directions P^(hol(X, cj)) of 
{X,uj). A representative Vi G P^(hol(X, w)) for the orbit P^(SL(X, w) • Wj) is 
called a fundamental direction. The set of fundamental directions is finite 
and in bijection to the cusps of SL(X,uj). 

3. Asymptotic formulas for branched covers of Veech surfaces 

Now we develop a formalism for evaluating quadratic growth rates for 
branched covers of Veech surfaces. In case the covering is itself Veech, we 
derive the asymptotic formula based on the formula found by Gutkin and 
Judge |(l.Tj and independently by Vorobetz |Vrbj . In [^21 we use the Siegel- 
Veech formula to obtain Siegel- Veech constants for any dimensions of 

We start with the following data: 

1. a Veech-surface {X,uj) with Veech-group SL{X,io) 

2. a branched (translation ) cover p : (Y, r) (X, u) with lattice Veech 
group 

SL(V,t) C SL(V,cj). 



3. a space of covers oiiX^uS), such that SL{X, uj) ■ (V, r) C 
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Note: in general assumption 2 is a condition (which can always be reached 
by naming some objects on the cover). For arithmetic differentials {Y,t) 
however, the (absolute) period lattice A = Per(r) € C gives the covering 
map p : {Y,t) {C/A,dz), implying SL{Y,t) C SL(C/A,dz). 
For an arbitrary covering p : (Y,t) {X,uj) we can achieve 

Afr+(y,r) ^ SL(y,r) 

by taking the reduced translation structure, 

) := {Y/ Aut(Y', r),7r*T) 

where tt -.Y ^ Yred is the natural projection. 
We continue with assumptions; 

4. let vo,...,Vn € P"'^(SL(X, w)) be a set of fundamental directions on the 
base surface {X,lo). Without restrictions we assume vq is horizontal. 

5. furthermore let Cj^i, Cj^fc. are the maximal cylinders in direction Vi 
on (X, w). 

The following asymptotic formula has been derived by Gutkin and Judge 
[HJ] . compare also |EMMj . 

Proposition 2. Assume the stabilizer N C SL2(M) o/u G has nontrivial 
intersection with a lattice T C SL2(M) and let A be a generator of N (IT, 
then 

(13) \V-v^B{T) 1^ voi(H/r)-^ 

\v \\v\^ 

where is perpendicular to v. 

Without restrictions we take = [ ] and v = [ q ] G and might think of 
it as a cylinder of height h and width w contained in the horizontal foliation 
of {X,u)). Now formula [T3l reads 
(14) 

I SL{X,u;) ■ V n B{T) |~ Yom/T)-^ '^ ""f ^ = vol(EI/r)-i-^r2, 
with a linear Dehn twist given by 

u,= [l\] GSL(X,l^) 

where =p/q G Q. 

Now we relate the above formula for the base surface {X,lo) to the one for 
the cover iY,T). We already saw: 

• There is an operation of SL(X, to) on the set of coverings {Y, r) (X, uj). 
In particular there is a transitive operation on the orbit SL(X, uj) ■ (Y, r) 
in moduli space ^t-. 

• a direction v on (X, uj) is completely periodic, if and only if it is com- 
pletely periodic on (Y, r) 
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• for a completely periodic direction v the stabilizer Ny{Y, r) C SL(Y', r) 

on (Y,t) is a subgroup of the stabilizer Ny{X,u!) C SL{X, uj) and 
(15) 

[N^{X,Lo) : iV„(y,r)] = length of the orbit iV„(X,w) • {Y,t) =: iv{Y,X). 

The following observation is fundamental for all calculations and formulas 
in this section. 

Combinatorial description of cusps on (Y,uj). Take the base Veech 
surface {X,uj) and choose a fundamental direction v, again we assume v is 
horizontal. The fundamental directions VQ,...,Vn of a Veech surface {X,uj) 
represent the cusps of IH[/SL(X, cj). 

Proposition 3. The number of cusps of (Y, v) above a given cusp v on 

{X, uj) are in one-to-one correspondence to the orbits on the set SL{X, uj) /SL(y, v). 

Proof. For every direction w G F^{SL{X, lo) -v) there is (at least one) surface 

(5, a)=A- {Y, v) e SL(X, w) • (y, v) 

for which A-w\^ horizontal. If there are two maps j4, S G SL(X, uS) making 
the direction w horizontal, then A o G X^iX^uS). Thus the number of 
all A ■ (y, v) G SL(X, ijj') ■ (y, v) such that A-w\^ horizontal equals i^(S', X), 
which is the length of the orbit of (S", a). This proves the claim. □ 

We define the relative width of a cusp represented by a direction w over v 
on (y, v) as the length of the (the stabilizer of v in SL(X, a;)) orbit 

{< -{Y.v): n£Z}c SL{X,uj) ■ {Y,iy). 

Note: for arithmetic surfaces (= torus covers) the relative cusp width is 
the same as the usual cusp width. Also for arithmetic surfaces the above 
characterization of cusps was discovered by A. Zorich and published in |HLj . 



Together with equation 1141 we have: 

Proposition 4. Under the above assumptions, let v & C be a periodic direc- 
tion on {X,uj) and {S,a) a differential in the orbit := Sh(X,uj) ■ {Y,t), 
then 

(16) I SL(S,a) •7;nB(r) |~ vol(M/SL(X,w))-i- ^viv{S,X) 1 



[SL(X,a;) :SL(y,r)] \vi\'' 

Again assume u is a periodic direction on (X,uj), pick a periodic cylinder 
cx C ^i,(X, oi), (or saddle connection sx G '-^v{X,lj)). Take a pre-image 
cs (or ss) of Cx {sx respectively) on a differential (5, a) G then bvlTBl 
we have the asymptotic quadratic growth rate 

vr • iv{S, X) 1 



(17) Ccyiics) 



3vol(IH/SL(X,a;)) [SL{X,lo) : SL(y,r)] \w, 



csl 
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using ^« := N^{X,uj) ■ {S,a) and |^^| = [SL(X,cu) : SL{Y,t)] we get 

'^^'^'^^ ^ 3vol(]HI/SL(X,u;))^ ^^^^^^ ^ 

Now for any fundamental direction w of (Y,t) such that it; € SL(X, a;) • f 
there is a differential (S, a) = A-{Y, r) G such that v = A-w. Thus we can 
apply equation^] to all cylinders in a cylinder decomposition in direction w 
on (y, r) by looking at the cylinder decomposition ^a,i, ^a,na in direction 
V = Aw on (5, a) = ^ • (y, r). Denote the width of the cylinder 'r^a,i by 
then the asymptotic quadratic growth rate of all cylinders on (Y, r) having 
direction contained in the set SL(X, • v is given by: 

TT / 1 

(19) c,j,i,,(z;) = 3^oi(je[/sL(X,u;)) ^ 

Siegel-Veech constants — finite orbit case. The Siegel-Veech constant 
for cylinders (or saddle connections) on any (5, a) G is now obtained 
by taking the sum over all cylinders a fundamental directions vi,...,Vn on 
{X,u;y. 

""'^'-"^ 3vol(IH/SL(X,a;))|^,| ^ E E ^ 

Note that away from the hyperbolic volume, an index and length of cylin- 
ders in a particular direction one needs to know only the set of fundamental 
directions on the base {X,uj) and the number ly^ associated to each funda- 
mental direction. 

Basic examples — arithmetic surfaces. Arithmetic surfaces (Y, r) pos- 
sess a natural map to a torus C/A. Taking an SL2(M) deformation of {Y,t) 
we might assume A = Z © Zi, the deformation does not change quadratic 
growth rates. Now on = C/Z © Zi there is only one fundamental direc- 
tion, we can assume this direction is horizontal and /„. = !. We write down 
the statements for several sub- types of saddle connections later, there are 
many interesting cases labeled by various properties to consider. 

Note that for arithmetic surfaces the formula is completely general. We 
apply it in this paper after using the cylinder decomposition of the moduli 
space fiber to simplify and organize information. 

Basic examples — non arithmetic Veech surfaces. Non arithmetic 
Veech surfaces cannot have a direction with one single closed cylinder. Thus 
the best situation is {X, lo) has 

• only one fundamental direction v with, say k cylinders and 

• the moduli wi/hi = ... = Wk/hk =■ m of the cylinders are all the same 
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here Wi is the width and hi the height of the i-th cyhnder. It follows ly = m 
and the the Siegel-Veech constant for cylinders is 

(21) c,yi^^ = 3vol(IH/SL(X,(j)) E^ = 3vol(EI/SL(X,w)) E/^- 

A new paper by Eskin, Marklof and Morris |EMMj contains a discussion of 
the Veech surfaces X„ obtained by linearization of the billiard in the tri- 
angle with angles (7r/n,7r/n, (n — 2)7r/n). A result of Veech jV3j shows X„ 
has only one fundamental direction v and the cylinder moduli are all the 
same. Thus formula [^applies (compare |EMMj pgs 26-28). In fact one can 
simplify using explicit expressions for the Wi and hi, see |V3I lEMMj . 

Both classes of examples are prototypes to consider branched covers above 
them. For a very particular case, 2-fold covers of Xn, this has been done in 
[EMM) to get information on some non Veech triangular billiards. 



4. Counting using the horizontal foliation of the modular 

FIBER. 

One can organize the asymptotic formulal^UJusing modular fibers. Assume 
{X,uj) is Veech with lattice group SL{X, uj) and vr : {Y,t) iX,uj) is a 
(branched) covering. Define 

<^r ■■= SL2(M) • {Y,t) C and ■= SL(X,aj) • {Y,t). 

The closure of these two spaces is taken within the set of Abelian differentials 
having the same zero order pattern as r. There is another closure, denoted 
by {(D^ respectively), coming from the compactification of the fibers 

viewed as Abelian differentials. The set — parameterizes degenerated 
differentials, but eventually not up to isomorphy. In our definition of S'r = 
(^T-(oi, o„) we distinguish cone points, which makes into an Abelian 
differential, if dim(^T-) = 2 (see jHSl)- In case {Y,t) is Veech itself 

(22) = ,gr = SL2(M) /SL(y, r) C ^J^g 

and by taking base points with respect to tt : Vt^g — > ^g we obtain a 
Teichmiiller curve in ^g. 

In this paper we are mainly interested in cases, when the dimension of 
equals or 2. Since we understand the 0-dimensional case already, we de- 
velop the counting theory for 2-dimensional fibers. 
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Proof of Theorem ^ For every (S, a) G there is a map 

vr : {S, a) — > {X, lo) 

which for arithmetic S becomes 

vr : (S, a) (C/ Per(a), dz). 

Now choose a symplectic base of the relative homology Hi{Y, Z{a); Z), say 
) 72g ) 72g+i ) T2g+n)- Given an ordering zo,...,Zji of the zeros Zi E 
Z{a) the relative cycles (723+1, ...,'j2g+n) can be chosen to have the property 

d^2g+i = Zq- Zi. 

To use the given symplectic base for other surfaces, we suppose every dif- 
ferential {S,a) comes with a marking (ps '■ iY,Z(T)) {S,Z{a)), i.e. an 
orientation preserving homeomorphism mapping Z(t) bijectively onto Z{a). 
This allows to identify Hi{Y, Z{t);'Z) with Hi{S, Z(a); Z). Using the (rela- 
tive) homology base, one defines local coordinates of the connected compo- 
nent of the stratum J^(oo, ■■■,0n) containing {S,a) 

(23) {S,a)^lf a,. ..J a, f a,...,f qJcC2^'+", 

giving the stratum a complex manifold structure. The SL2(M) action on 
differentials 

obviously commutes with integration 

(24) / A-a = A- I a, 

J J ■^f 

giving the standard real linear action of SL2(M) on coordinates. 

If {S,a) is arithmetic, the absolute periods 7 G Hi{Y;'L) generate a lattice 



Per(a) — « : 7 € i/i(y,Z)| 



C 



and therefore a map of differentials 

(5,q) ^ (C/Per(Q),dz). 

By definition of the SL2(M)-action on differentials 

Per(SL(C/ Per(a), dz) • a) = Per(a), 

which implies that SL(C/Per(a), dz) acts on the set of differentials {X,lo) £ 
SL2(M) • (Y^t) with absolute period lattice Per(a;) = Per(a). For simplicity 
we assume from now on Per(Q) = 1? and thus all differentials contained in 
the modular fiber 



:=SL2(Z) • (y,r) 
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have absolute period lattice Z^, by continuity of local coordinates The 
difference of any two relative periods 71,72 € Hi{Y, Z{t);Z) with 

^71 = zq- Zi = 572 

is an absolute period, hence there is a well-defined map 

— > X • • • X 

(25) TT : { /-^i 

(S, a) I — > ( / a mod Z , / a mod Z ) 

whenever 7^ is a relative cycle with dji = zq — Zi. By definition of local 
coordinates this map is holomorphic and by construction of #V SL2(Z)- 
equivariant. In fact, since the absolute period lattice is the same for all 
surfaces parameterized by the absolute period coordinates are locally 
constant on and thus vr provides local coordinates of This implies 
together with the SL2(Z) equivariance that vr : — ^ T^i^r) C (T^)" is a 
covering with image a union of tori of dimension equal of dim(#V)- 

By assumption we are interested in differentials (y, r) having exactly 2 cone 
points covering in a way that the relative location of the cone points is 
torsion. This means we obtain a surjective cover 

vr : ^ 

since the vr image of the relative period coordinate is not closed under 
SL2(Z). Thus is an arithmetic surface, by construction it is square-tiled. 

Now we can pull back dz to get a holomorphic 1-form = ■n*dz on ^t-, 
thus obtaining an elliptic differential 

{.^t^^t) with Per(u;^) C Z^, 

which has by definition D Aff+(^T-, uj-t) = SL2(Z). By means of its definition 
as a stabilizer group one would not call SL2(Z) the Veech group of (^t, "^t), 
if is not connected. On the other hand each deformation of a surface 
{S,a) G along a path t 1— > 7(f) G SL2(M), such that 7(0) = id and 
7(1) = A G SL2(Z) represents a homotopy class 

[7] G vri(SL2(M)/SL2(Z)) ^ SL2(Z), 

which in turn defines an affine homeomorphism 

—J. 

(5, a) ^ A - {S, a). 

That the map is affine with derivative A G SL2(Z), follows immediately from 
the previous definition of the translation structure on and equation (|24|) . 
Thus we get isomorphisms 

DAff+(^^,cj^) ^ SL2(Z) ^ vri(SL2(M)/SL2(Z)). 

Cylinder decomposition of (#V,'^t)' As an cover of the differential 
(^T-jf-t^r) is completely periodic in each rational direction, in particular in 
the horizontal direction. Thus we only need to show, that every (5, a) G 



(26) 
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.!^r admits a completely periodic horizontal foliation. But this is obvious, 
because 

Per(a) = D Per(6j^). 

The above generalizes in an obvious way to any deformed fiber A ■ {^T^LOr), 
[A\ G SL2(M)/SL2(Z). Moreover one can extend this result to 2-dimensional, 
SL(X, u;)-invariant subspaces in X", for any (reduced) Veech surface {X^uj) 
(see (HHII). 

Stability of cylinder-decompositions. The case we are interested in 
is {Y, t) is a non-arithmetic cover vr : y ^ with exactly 2 cone points 
Po andpi, we assume vr(po) = [0] € T^. This implies the modular fiber := 
SL2(Z) • (y, r) has dimension 2. A relative period, say 71 € Hi(Y, {po,pi}; Z), 
with = pi — po, provides local coordinates 

(5, a) 1-^ z{pi) = a 
J 71 

on ^T-. If we choose any absolute cycle [7] G Hi{Y;Z) C Hi{Y, {pQ,pi};Z), 
the function 

(27) 3 {S,a) ^ f \a\£N 

is continuous, hence constant on connected components of ,^r- In particular, 
if 7 is represented by a regular leaf of G --^eiS, a), i.e. 

(28) / \a\ = \ a| G N 

there is a neighborhood of {S, a) G where 7 is represented by a regular 
leaf of the same length as . Indeed regular leaves ^ G --^eiS, a) have pos- 
itive distances from the cone point pi, and all these distances are continuous 
functions depending on (the coordinates of) {S,a) G ^r- Since the length 
function |2ZI is constant on each connected component of for curves 7 
such that [7] G HiiY^Jj), the only possible thing which can happen under 
deformation is that 7 looses the property of being realized by a regular leaf 
(if it is at all) . This in turn happens only if the cone point pi crosses the leaf 
^ realizing 7. If we now fix a periodic direction 6* G S"^ on (5, a) G .^t, the 
same direction is is periodic on Now assume {St, ott) G ^ G J^g{^r,^T), 
^ regular and {(5j, aj) : t G M} = ^ . Then by the above all regular leaves 
of any (St, at) in direction 6 ^ S^ stay regular since we move the cone point 
pi in direction 9. This completes the proof. □ 

Elliptic differentials. As in the previous proof, we assume = =^t(oi, 02) 
is a fiber space of elliptic differentials {S, a) with two cone points of ord er 
Oi and period lattice Per (a) = Z^. 

Each horizontal cylinder of is bounded by a union of saddle connec- 
tions d^°^'rfi parametrizing elliptic differentials {S, a) G n d^°P% where 
the two cone points zo,zi G Z{a) are connected by (at least one) hori- 
zontal saddle connection, say s G ^h{S-,oi). Thus deforming {S,a) along 
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d^°^'^i is nothing but collapsing the two cone points of {S, a) into one. This 
means points on d^°^^i contain (degenerated) elliptic differentials of type 
(o'(o) where |oi — 02I < o < oi + 02. 

Remark. We will see, that these degenerated surfaces are not necessary 
cone points of {^r,'^T)- 

Now the cylinder decomposition of (S, a) € is not affected when de- 
forming {S,a) inside '^i, however the height of some horizontal cylinders 
on {S,a) disappears when deforming into Hence there are some 

horizontal cylinders on (S, a) which degenerate to saddle connections when 
deforming (5, a) into The only thing we use is that the (width of 

the) cylinders on (S, a) which degenerate do not depend on point where we 
enter through ^j. 



This allows to simplify counting formula (|2fl|) above using the cylinder de- 
composition of ^t{oi,02) and the SL2(Z)-orbit of {S,a) € ^r(oi)02): 



(29) c,yi{a) = -^Yl 



i=l 



^-^ w"?, ^ , 

.k=\ i-''^ k=l 



Calculating quadratic constants using sequences. Choose a non- 
periodic direction 6 £ on {S,a) £ or equivalently on take the 
unipotent subgroup ue{t) C SL2(M) and look at the orbit 

^e,,(T) ■.= {ue{t)-{S,a) : t e {0,T)} 



Using the Siegel-Veech formula and ergodicity of the ug action on UT>o^e,a{T), 
one can calculate all kinds of Siegel-Veech constants. Given the shape of the 
Siegel-Veech formula one can try to use ffg^a{T), to approximate Siegel- 
Veech constants for {S,a) (however this can be done). One expects to be 
close to the real Siegel-Veech constant for {S,a), when T is large enough. 
However the orbit we have chosen hits the modular fiber only once. 
Thus one needs to consider unipotent subgroups which orbit returns to 
often, i.e. the unipotent subgroups generated by parabolic elements fixing 
a periodic direction of Depending on the chosen point {S,a) G we 
see a finite or infinite intersection 



in the infinite case we see (a union of) leaves 



In the finite orbit case we like to ask, if a sequence of finite orbit surfaces 
{Si,ai) G with limj^oo I^qJ = 00 admits the continuity property 

lim c^.{Si,ai) = c^^gen{S,a) 

i—*oo 

for any type of Siegel-Veech constant c^. Here c^^gen is the Siegel-Veech 
constant for generic surfaces in Uj ^q, - . Because is an arithmetic surface 
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itself, we expect 

To avoid a general discussion, assume for the moment the orbits i^q,- become 
more and more equally distributed in #V with respect to Lebesque measure. 
This is known to be true for {S,a) € with infinite SL2(Z) orbit, in fact 
[EMM, EMS implies that ^q, is equally distributed in with respect to 
Lebesque measure. Using either series of finite orbits (with equal distribu- 
tion assumption), or infinite orbits, we obtain the asymptotic constant for 
generic differentials limit from formula (1291) 

because by equal distribution in the limit 
(31) 

l^a, n i^oo area(^j) ^ n d'^P'^jl i-.oo area(a*°P'^j) ^ 

— I — ^ and - — I ^ I — — > , - , = 0. 

l^ail area(=^T-) l^oj area(Jvj 

Without giving a completely general proof (for equal-destribution or conver- 
gence) at this place, we verify convergence of asymptotic constants in case 
of d-symmetric differentials (in most cases) . 

Counting saddle connections. The asymptotic formula for saddle con- 
nections is the same as the one for cylinders as long as (5, a) € is 
arithmetic (or in general: Veech). One just needs to replace the width Wi 
of cylinders in the horizontal direction by the length of the bounding saddle 
connections sj in formula ^!!! Things become different if we take (5, a) G 
and ask for the quadratic growth rate of saddle connections which connect 
the two (different) singular points zo,zi G Z{a) of {S,a). If a line segment 
connecting zq with zi is horizontal, (5, a) is located on a saddle connection 
in ^hi'^r), because we can degenerate {S,a) by moving zi into Zo along 
a saddle connection s^ G '^hi-^r)- Now the saddle connections on (5, a) 
which are killed by this deformation are exactly of the length of the path 
necessary to degenerate {S,a) along G ^hi'^r), or in other words the 
length of these saddle connections is the distance of {S, a) G s,^ C to 
the endpoint of s,^ . 

There are two possible directions (left or right) to move (5, a) into a cone 
point of along the saddle connection s,^. We denote the distance of 
{S,a) G Sj? to the left, or right endpoint of by s~, respectively. On 
each (5, a) G there are mf saddle connections of length s^ which disap- 
pear when moving (5, a) into the endpoints on s^. Using this and formula 
1291 we find the quadratic asymptotic constant c±(Y,t) for the set of saddle 
connections SC^ on {Y, r) G connecting two (different) cone points zq 
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and zi: 



E E 



se5Ch(.^r)aG^V(s) ^ '''' 

with 0't{s) := n s. The last identity follows from the existence of an 
involution e Aff+(^T-) with = — id acting on SChi'^r-.^r)- 

Remarkably one can also obtain Siegel-Veech constants c± for generic sur- 
faces in using sequences of arithmetic differentials (5i,aj). At hand of 
the modular fibers for d-symmetric differentials one sees, that the smallest 
pieces into which we can decompose the generic constant 

C±,gen = ^ C±{ffdeg) 

Gdeg 

such that 

lim c±(Sj,ai) = c±_{Gdeg) 
are the constants associated to SL2(Z) orbits of degenerated differentials in 

We show convergence of constants for 2-symmetric differentials on pgs. 1371 
-IHHl Comparing our method, i.e. using sequences, with the direct calcu- 
lation using the Siegel-Veech formula we observe that only the number of 
intersections 

1 



^sym,c 



with a small disc Bp^e) of radius e, centered at a cone point p plays a role. 
To get the right generic constant in the limit n — > oo ^„ must become more 
and more equally distributed in since only then: 



1 



Note, that in this case it is not necessary to consider distances of a particular 
point or surface (5, a) € PI Bg{e) to the cone point q like in the previous 
formulas. 



It is common, see |EMZ) and |EMSj . to divide the generic asymptotic con- 
stant into constants by prescribing orders of cone points o = o{z), z S Z{ujr)- 



(33) 



'-gen 



= o(z), Z&Z{ijJt) 



'gen,o 
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with 

(34) c±„,„ = 2 ^^%A {z G Z{u;r) : o{z) = o}| • o • m„. 

Note that sets with prescribed orders of cone points are SL2(Z)-invariant 
and that our previous formulas represent a decomposition of constants which 
goes beyond fixing cone-point orders. 



Other asymptotic constants. Assume '■= ^r(oi,02) is a fiber of a 
2-dimensional space of elliptic differentials having two cone points of order 
oi and 02- Let 'rfi,...,^n be the decompositon of the horizontal foliation 
^hi'^TT^r) into maximal, open-cylinders. We might take an open cylinder 
'^i,{a,b) C 'tfi. If ty € (0, hi) is a transversal coordinate of % {hi denotes the 
height of ^i), '^i^(a,b) is the set of points in % for which t^, G (a, 6) C (0, hi). 
Since '^i^(a,b) is = ( } o ) invariant we can define the following asymptotic 
constants for finite orbit {S, a) £ 

1 I n '^i (a b)\ 
(35) Ci^{a,b) («) = ^ 2^ ,„2 ' ' ' 

and for generic {S,a) G J^r- 

. . area('^^^(^^fc)) ^ 1 

The cylinders ^i^k contained in the horizontal foliation of (5, a) G '^i,{a,b) 
have heights restricted by the condition t„ G (a, 6). The condition also sets 
a restriction on the vertical distance of the two cone points of {S, a). This in 
turn implies that the areas of the horizontal cylinders for (S, a) G '^j,(a,fe) £^re 
restricted. Since the cylinder area is invariant under SL2(M) deformations 
the asymptotic constants Cj^(a^b)(a) inESlandinniare the asymptotic quadratic 
growth rates of cylinders in {X, (3) G which map to horizontal cylinders 
of some (5, a) G '^i,(a,6) for certain A G SL2(Z). 

For precise statements one can restrict to concrete examples. Note however 
that for finite orbit (5, a) one can always choose intervals (a, b) such that 

in particular there are no cylinders on differentials {Y, r) G which have 
area below a certain positive number. 

5. (i-SYMMETRIC ELLIPTIC DIFFERENTIALS 

A cone point s of order o on (X, lo) is called degenerated^ if there is an 
open neighborhood U oi s such that t/\{s} is homeomorphic to the disjoint 
union of at least two punctured discs. We call s totally degenerated if there 
is a neighborhood U such that ?7\{s} is homeomorphic to a punctured discs. 
A differential [X, uj) is called degenerated, if it contains degenerated singular 
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points. We call (X, to) totally degenerated if all singular points are totally 
degenerated. 

Note is homotopy equivalent to a union of circles. Moreover de- 

generated surfaces are not described by a one form alone, one eventually has 
to provide information about identifications of (some) points. Degenerated 
surfaces appear naturally after collapsing cone points. In particular degen- 
erated surfaces are part of the closure of moduli space fibers 

d-symmetric torus coverings. We consider elliptic differentials of the 
shape 

with a line segment [0, 1] • (t/j + itv) C C. Note that Z/dZ acts on ^f^_^_-^^T'^ 
as subgroup of 

(37) Aut{#i^,,X) := Knt[i^l^,^T\ #UuM, 

hence the differentials #f^_|_j^^T^ are d-symmetric. Recall that we have al- 
ready fixed an ordering of the sheets of vr : ~^ '^^ consistent 
with the cut and paste along v = th + ity and the action of Z/dZ, like in 
figure m below. 



Figure 1. Canonical model of a d-symmetric differential 

Denote the image of the horizontal line {Imz = s} C C on the base torus 
= C/Z © Zi by =S4(s). If the geodesic segment th + it.^ C is defined 
as the projection of the geodesic segment connecting and th -|- itv in C, it 
intersects ^h[,s) € #'/i(T^) exactly 

• [t^] -|- 1 times, if {s} < {t^} 

• [ty] times, if {s} > {t^}. 

Now parameterize ^/i(s) by the curve 

" [0,1] ^ ^h{s) CT^ 
t 1-^ t + is + Z®Zi 

Because of the cut and paste along th + it^, the lift js,! of 7s to #f^_,_j(_^T^, 
characterized by 7s,i(0) € T^, is on the sheet T^^^- when its projection 7s 
has crossed the segment th + it^ j times. Given a real number a we write 
by slight abuse of notation [a] for the integer part of a and {a} := a — [a]. 
Using this we observe that after one loop of 7^, 




7s 



either 7s,i(l) £ T'^^^^^^, if {s} < {th} 
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73,(1) €T2^[,^], ii{s}>{tH}. 

If 7i and 72 are two chains of geodesic segments on an Abelian differential 
{X,uj) with 

971 = ^72 
we might use cut and paste to see that 

#^^(X,u;) = #^,(X,u;) 

if the hfts of 71 and 72 to the universal covering {X,lj) of {X,lo) bound a 
flat disc (i.e. a disc without cone points). Now the line segment th + ity G C 
decomposes into segments [th] ■ 1, [ty] ■ i and {th} + i{tb}- 

Lemma 1. Let --^J^ be the component of the fiber of elliptic differentials 
containing {#f _^_^^^{T^,dz) : th + ity € C}. Then any differential contained 
in — =^Jc" totally degenerated. 

Proof. Note, that connected, because C is. Take the d-symmetric 

differential ^i^'^^dz) associated to the line segment 

th + ity = [th] ■ 1 + [tv] ■ i + {th} + i{tv} = h-l + vi + {th} + i{tv} 

with two integers h and v. Denote the j'-th sheet of H^h+iv+{th}+i{t {^"^ 
T^, j = 1, and rewrite the line segment h ■ 1 + v ■ i + {th} + i{tv} on 
each T? as the composition of the three segments h ■ 1 C T^, v ■ i C 
and {th} + i{tv} C T^. By the discussion before the theorem we jump from 
the sheet to the sheet T^_|_^(-^^ when crossing • 1 C upwards (+) or 
downwards (— ). If we cross u • i C we jump from T| to the sheet "^'^j^^^^^-^ 
depending if we cross to the right (+) or to the left {—). 

With fixed h,v e Z, we now assume {th} + i{tv} = G and follow a 
circular path ee*^ on #h+iv"^^ centered at G counter-clockwise. Starting 
with small 9 we jump to the sheet j—v (d) when crossing the vertical i-v C 
to the left. Next we are crossing the horizontal h C T^^^, (^-) downwards to 
jump onto the sheet j — v — h (d). Continuing in that manner we jump 
back to j — V (d) and then to j (d) when completing the circle at 6 = 2tt. 
This already shows that all degenerated d symmetric covers #^_|_^^(T^, c/z) 
{h, V E 7,) are in fact totally degenerated. 

Now consider a d-symmetric differential defined by the geodesic segments 
h E Z, iv E iX and ee*^, with e > 0. Changing 9 G [0, 27r) as above gives a 
closed loop, isometrically embedded in ^^c" ^^'^ shows that ■^^^''^ has no 
cone points. □ 

Lemma 2. Assume the moduli space ffj^™ is connected, then the connected 
components of ^^'^ c S^^"^ have no cone-points of positive order and 
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SL2(Z) • '^2c^''^ isomorphic to a disjoint union of tori: 

SL2(Z) • ^7"^'" ^ SL2(Z) • C/diZ © d2l^i C ^7"'^ 
7/ ^7™'''^ is connected there is an m £ N, suc/i i/ia^; 



Proof. The first statement follows immediately from Lemma^ ^ill connected 
components of SL2(Z) • ^^^^'^ must be tori, because they are in the SL2(Z) 
orbit of '^^^''^ by connectedness of S'^"^, hence affine images of the torus 
^sym,c^ In other words 



SL2(Z)-^7'"'^^ |JC/A(z;i,^ 



i=l 

with lattices A{vi,Wi) generated by two integer vectors Vi,Wi S Z^. Because 

C/A{vi,Wi) ^ Ai ■ M^aZ © bZ 

for some Ai E SL2(Z) all tori have the same area. The second statement is 
clear, because rotation by 90 degrees is contained in SL2(Z). □ 

The following Lemma tells us that surfaces in ^^'"''^ are actually belonging 

Lemma 3. Assume {X,lo) is d-symmetric and Per(a;) = J?. 
Then there is a th + it^ G C such that 

iX,Lo)^#l+,,^iT\dz). 

Proof. Since {X, uj) is d-symmetric, we have two covering maps: 

TTd-. X X/{Z/dZ) ^ C/A and pr : X ^ C/Per(w) ^ T^. 

This implies there is a translation covering X/(Z,/dZ,) and by the 

cone point orders of {X,uj) we must have X/(Z/(iZ) = T^. We assume one 
cone point on {X,ui), say zq G X is the preimage of [0] G T^. If the second 
cone point is the preimage of [a + ib] € we remove the line segment 
la+ib ■= {t[a + ib] : t G [0, 1]} C T^. We can present X - ■K^^{Ia+ib) by d 
squares 

^a+ib,j ■■= [0, 1] X [0, i] - la+ib C C j = 1, d 

with certain identifications along the boundaries of d^a+ibj ■ Further we can 
assume Z/dZ acts by moving ^a+ib,j to ^a+ib,j+i mod d- 

Denote the four boundary line segments of =S = [0, 1] x [0,i] by 9*=S with 
* = btm for the "bottom" component, * = top for the "top", * = left for 
the "left" and * = right for the "right" boundary component. Since the 
identifications done along the boundary and along la+ib have to match with 
the Z/dZ-action we must have 

^a+ib,j+k 
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for all j = 1, ...,d. By choice when crossing la+ib from the left, we change 
from J2a+ib,j to JSa+ib,j+i- Now given two numbers k,l £ {0, the line 

segment l+ik+a+ib G C defines a d-symmetric covering #'(^a+i)+i{b+k)('^'^ ^ 
which has all the above properties and thus 

□ 

Proof of Theorem |4j By Lemma El is connected and thus a torus 

C/A by Lemma n The lattice A of this torus is a sub-lattice of Z © by 
LemmalJl moreover by SL2(Z)-invariance of (rotation by 90 degrees!), 

A = mL © rnLi for an m G N. Thus 

for an m S N. Now for 1 > e > take the horizontal path 



7:i 



~t+ie' 

then using Lemma |31 it is easy to see that 7(0) = jid). One can argue 
as follows: split the line segment d + ie into two segments d and ie and 
consider the surface #^_|_j^T^. The monodromy of #^_(_j^T^ agrees with the 
monodromy of #f^T2 = #|J+j,T2 and thus #d+i,T2 ^ #[5+j,T2, hence m = 
cZ. □ 

Twist coordinates on T^. For 1 > > consider the d-symmetric 
differential ^f^_^-f.^T^ . Then the horizontal foliation of ^f^j^^^Jf'^ contains 
d + 1 cylinders: d of width 1 attached to the top of one cylinder of width 
d. We call th the horizontal twist and ty the vertical twist of #f^^_^_n^ T2. We 
just found, that parameterization of d-symmetric differentials by horizontal- 
and vertical twists gives an isometric universal covering 

38 



Global description of <§^^^ . To describe the space (f^^™" of all d-symmetric 
differentials (with fixed area d), we note that there is a fibration 

(39) SL2(M)/SL2(Z). 
Since — "^di can describe (fj*^™ as 

(40) ^7"^ ^ SL2(M) K Czez^/SL2(Z) k d(Z © Zf). 

with C^^^j := C — Z©Zi. Note: for all d-symmetric differentials ^f^_^_^^^T'^ 
there is an involution (p G AS^ {^f^^^-^^T"^) , i.e. (p is affine linear with 
D(/> = — id. i;^ exchanges the two cone-points of order d on ^f^_^_^^^T'^ . Con- 
sequently classifying d-symmetric differentials without named cone-points 
gives a sphere (lattice points removed) C¥^d,z®Zi ■= ^7™/ (" i^) = 
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which admits only a quadratic differential. The SL2(M) action on de- 
scends to an PSL2(R) action on CP^ ^eZi moduH space <?^j!" has 
the following fiber bundle structure: 

(41) C¥l^^^, S'^^ PSL2(M)/PSL2(Z) 

Forgetting the elliptic differential structure of (#^^_,_jj^T^, gives 
the moduli space d-symmctric torus covers of genus d with two branch 

points of order d — 1. Algebraically that is dividing out the circle bundle 
defined by the action of S02(M) on S^^"^ 

(42) Cpi,^ez. — H/PSL2(Z ). 

6. Geometric properties of ^-symmetric differentials 

Now we compose our knowledge about the modular fiber of d sym- 
metric torus covers over the base lattice TL®TH and our counting formula to 
find the quadratic growth rate function on T?. 



Proposition 5. Take the differential #j^_,_jj^T^ and assume < th < 1- 
Then the horizontal foliation o/ #^^_|_j(^T^ contains 

• {[t.v],d) cylinders of width jg^-j^ and 

• {[ty] + l,d) cylinders of width TrjrTrYl)' tv ^ 



{[tv], d) cylinders of width ,\ , if ty G Z. 



We use (0, d) = d here. 

Proof. By the discussion before the Proposition the point 7i,s(l) is in T^^j^ 
if s mod 1 <th mod 1 and in T^^_jj ], if s mod 1 > th mod 1. By Z/dZ 
symmetry continuing ^i^s we are back on the leaf i as soon as n([t^] -|- 1) = 
mod d in the first case and n- [t^,] =0 mod d in the second. That means the 
cylinder ^ containing ^i^s has width w = if s mod 1 < t^ mod 1 

and width w = ^^^'j if s mod 1 < t^ mod 1. In case {\ty\ + l,d) > 1 oi 

{[ty],d) > 1 there are sheets which does not touch. Using the Z/dZ 
action we find all other horizontal cylinders containing the preimages of the 
curve 7s. Since the total length of all the preimages of 7^ is d, there are 
exactly {[tv] + 1, d) cylinders ^ above 7^ in the first case and ([t^], d) in the 
second. □ 

The horizontal foliation of decomposes into d open cylinders 'Ioq, ...,^d- 

each of width d and height 1. The surface #f^_,_jj^T^ belongs to %, if and 
only if [ty] = i and ty ^ Z. Iity = iE Z, 

Theorem 6. The horizontal foliation of {X, to) € ^J^"* contains 
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• {i,d) cylinders of width and 

• {i + l,d) cylinders of width if {X,uj) € '^j 

• {i, d) cylinders of width if (X, lo) G 5^*'"'^^ 

Proof. The number and width of closed cyhnders in the horizontal foliation 
of X = #^^^^.^^T2 are the same for all X G "^^ C ^^(^7""). The statement 
now follows from Proposition |SJ □ 

The vertical foliation ^v{^2^^) admits a decomposition into open cylin- 
ders "^ii.o, "^tj.d-i (of width d and height 1) and boundary components 
9''*'"'r^,,o, , as well and we have: 

Corollary 2. The vertical foliation of {X,uj) G ^^^"^ contains 

• {i,d) cylinders of width and 

• {i + l,d) cylinders of width jj:^-;^, if {X, uj) G 

• {i,d) cylinders of width if{X,uj) G d^^'^'t^i. 

Proof. To prove this statement, we rotate the whole space = by 
That maps the surface #^^^^.^^T^ G to 

and isometrically maps the horizontal foliation of ^f^^j^^T^ to the vertical 
foliation of ^f^_-^^T'^. On the level of ^^^"^ maps the horizontal cylin- 
der to ^y^d-i- Now notice that differentials in and 'rfd-i just differ by 
the (hyperelliptic) involution — id. That proves the claim. □ 

Note that for prime d > 2 there are only 2 possible numbers of horizontal 
cylinders on differentials in the namely 2 and d+ 1. 

Orbits of torsion points. If the prime-factor decomposition of n G Z is 
n = ■ P2 • • ■p'r ^ then the number of positive divisors D{n) of n is 

D{n) = (/i + 1) . . . {l^ + 1) 

and we have 

Proposition 6. The set T^[m] on = ^^^"^'^ contains precisely D{m) 
SL2 (Z)-or6its. In particular the set of degenerated differentials, represented 
by ir^[(i] C is the disjoint union of D{d) SL2{'^)- orbits. 

We call the periodic foliation ^^(^JJT^) of a d-symmetric differential 
#JJT^ simple if every cylinder '^j in ^e(#^T^) is in the 'Ljd'L orbit of any 
other cylinder "^j. 

Theorem 7. For v G = ^J^™" ^/le following statements are equiva- 
lent: 
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1 . The d-symmetric differential i^'^T'^ contains a simple direction witli pre- 
cisely k\d closed cylinders. 

2. There is an A G SL2(Z), and an m E Z/dZ, such that 

[A-v]e with k = (m, d). 

Moreover, i/ u £ is a torsion point, we can add the statement: 

3. There is an n G N with j^j^ln, and v € T^(n). 

Proof. By Theorem IHl the horizontal foliation of a d-symmetric surface #^T^ 
contains precisely k\d cylinders v € with k = {m,d). Now if a 

simple, periodic foliation of #^T^ contains precisely k\d cylinders there is 
an A £ SL2(Z) making this direction horizontal and thus we must have 
A-v e d^°P'6'm with k = (m, d). 

Finally we need to find A € SL2(Z) such that 



[ m/d ] = ^ 



1/n 




on T^. 



Note that k = {m,d)\d. Since i^n = SL2(Z) • [1/n, 0] = T^(n), we have the 
condition d/A; = d/(m, (i)|n. □ 

Remark: Suppose ^ is a 2-dimensional modular fiber of coverings and 
the natural projection vr* : ^ — s- factors over T^, then Proposition |21 
implies that the preimage 

nd]:=^:\Tl[d])ci^ 

of the d-torsion points on splits into at least D{d) different SL2(Z) or- 
bits. If ^ is a space of differentials with two cone points, the origamis, i.e. 
surfaces which can be tiled by unit squares, in ^ are a subset of ,^[d]. 
We provide examples for this factorization of vr* in |S2l IS3j . However for 
=^d(2) C 1) the splitting of orbits is already known, see |McM4l IHL] . 

Differentials on integer coordinates. We like to describe the degener- 
ated surfaces having integer twist coordinates, {j,k) € l?/dl? C ^^v"^'^. 
For the first we do not care about, whether some of these degenerated sur- 
faces are isomorphic, we just study their shape and their SL2(Z)-orbits in 

•^d 

Theorem 8. For {j, k) € 1? /dl? the degenerated surface #j'_,_j^T^ is a 
union of (j, fc, d) := gcd(j, k, d) tori, with all integer lattice points identified. 
Each torus- component contained in #^_|_j^T^ has area d/{j,k,d) and con- 
tains {k, d)/{j, k, d) horizontal cylinders of width dj {k, d) and (j, d) / (j, k, d) 
vertical cylinders of width d/{j,d). 

Proof. Look at the surfaces with twist coordinate j + iO € iP/dl?. The 
surface #jT^ parameterized by j G Z/dZ has d cylinders of width 1 in 
the horizontal direction and {j,d) vertical cylinders of width d/{j,d). Since 
#^T^ is a one point union of tori, it consists of (j, d) tori each of width 1 
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and height d/{j,d). Since every differential contained in iP/dl? is in the 
SL2(Z) orbit of one of the surfaces #jT^, j € Z/dZ and we know all the 
degenerated surfaces #j_,_j;i.T^ are on the SL2(Z) orbit of #^T^ if and only 
if {j,k,d) = {a,d), all surfaces #^_|_j;jT^ with fixed {j,k,d) are one point 
unions of (j, k, d) tori, each of area d/ [j, k, d). 

The second statement now follows from the fact that #j'_(_j^T^ admits {k, d) 
horizontal cylinders of width d/{k,d) and {j,d) vertical cylinders of width 
d/{j,d) shown in Theorem and Corollary [2 □ 

Isomorphic surfaces on the integer lattice. Assume #^_,_j;jT^ € 1? /dl? € 

then 

#d rTp2 ^ _U_d rvr^2 ud rTp2 

j+ik ^ — W-j-ik ^ — ^TT ■ Wj+ik ^ 

are isomorphic. Mainly because surfaces represented by the integer lattice 
1? /dl? admit only one cone point and thus the property of distinguishing 
cone points, which allow to distinguish #^_,_jjr.T^ and • #^_,_j^T^ disappears. 



Splitting of orbits — moduli space recognition of invariant. Recently 
Hubert and Lelievre ^HLj followed by a generalized approach of McMullen 
|McM4j have described invariants to distinguish SL2(Z)-orbits of genus 2 
elliptic differentials with a single zero (of order 2). We suspect that one 
can observe a similar phenomen in a more general setup. In particular for 
differentials in genus 2 with 2 zeros of order 1 |S3l IS4j . 



7. Asymptotic constants — cylinders, generic case 

Siegel Veech constants for generic differentials. We write down 
the Siegel- Veech constants as function of the point in the fiber of the moduli 
space. As before we restrict our considerations to the fiber 

Proof of Theorem |SJ Because {X,uj) in not arithmetic, {X,uj) G ^2'^ = 
is not a torsion point and we apply Theorem Formula El to obtain the 
result. 

Now the horizontal foliation of ^^^"^ decomposes into d open cylinders 
■^1, each of width d and height 1. We can label the cylinders by the 

(integer) vertical twist i = \tv\. By Theorem IS] we have {i + cylinders 
of width d/{i + and {i,d) cylinders of length d/{i,d). Cases when the 
vertical twist is integer play no role for the generic constant. Now i = [t^] 
is a natural number ranging from 1 to d. Since each strip with integer vertical 
twist i has area d and area(^^^™') = d^, we find the generic Siegel- Veech 
constant for cylinders of closed geodesies: 



(43) CgeniS) = 



area('^j) 



^ area(=^^ 



(i,d)3^(i + l,d)3^ 



d2 



d2 
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Now for given p\d the number of i G Z/dZ with p = {i,d) is (p{d/p) and 
thus: 

(44) C,en(5) = A^(M)3 = 2^^. 

i=l p\d ^ 

□ 

Limit genus to oc. For genus to infinity we make the following simple 
limit consideration: 



^gen 



d d ^ p^ d 

p\d 

Of course d-symmetric differentials contain no unfolded rational billiard ta- 
bles and it is hard to start speculations how their growth rates behave for 
genus to infinity based on d-symmetric differentials. A second remark: the 
infinite genus surface #^T^ has infinitely many cylinders of width 1 in the 
vertical and horizontal direction. Thus one cannot even start a reasonable 
direct counting of closed cylinders. 

8. Asymptotic constants — cylinders, finite orbit case 

What is left is to calculate the Siegel-Veech constants for d-symmetric 
differentials represented by torsion points of order n in T^. For fixed G N 
take a natural number 1 < a < n and define 

TT iV(F„(a),r) 

Cd,nW ■= J™ 



C(2) "'"^ ^- r2 

to be the quadratic growth rate of the distribution 

Vn{a) := {A ■ hol(c) : c G Cyl{^hi#tT^)) with 
veJfad/nnTlin), ^GSL2(Z)}. 
Lemma 4. For 1 < a < n and ty{a) := [ad/n] G Z we have 

_ n V^((a,n)) / ity{a),df fa(a) + l,df 

Proof. The number of torsion points T^(n) of order n on the horizontal leaf 
S^adjn C going through the point [md/n] G equals 

\{h G Z/nZ : (6, a, n) = 1}| = |{6 G Z/nZ : (6, (a, n)) = 1}| = 

^ r|V'-i((Z/(a,n)Z)*)|, if(a,n)>2 
[n, if (a, n) = 1 

where V' : Z/nZ — > Z/(a,n)Z is the natural homomorphism. Thus 

(47) |^„,/„nTi(n)| = n^|^. 
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By Theorem (jH)) the horizontal fohation of a differential ^iT"^ G ^ad/n n 

• always contains {tv{a),d) cylinders of width d/{ty{a),d) 

• and contains (^^,(a) + l, d) cylinders of width d/ {ty (a) + 1, d) if ty{a) ^ Z. 

With |T^(n)| = ip(n)ip{n) we find the quadratic growth rates above. □ 

Remark. The first part of the argument in the proof of the Lemma tells 
us that the Teichmiiller disk through the torsion points T^(n) of order n has 

1 " In 
(48) c«(n) = -^99((a,n)) = -^(/p(y)(^(/) 

a=l l\n 

cusps if n > 3, and 2 cusps if n = 2. 

Now the Siegel-Veech constant Cd^n = Yla=i Cd,n(«) for periodic cylinders on 
d-symmetric differentials #^T^ with [w] € T^(n) is 

^ ^ n ip{{a,n)) {ty{a),df ^ 

ip{n)il){n) \._^ {a,n) d'^ 

(49) 

_^ ip{{a,n)) {ty{a) + l,d)^ 

, . (a, n) 

To simplify this expression we restrict to torsion points of order n with 

(n, d) = 1. Then all numbers a such that ad/n £ Z/dZ are multiples of n, 
consequently 



(50) |Tj(n) n d'"""^i 

and: 



ip{n) if z = 0, 
if i / 0. 



/^ix f^ n { ipjn) ^ ip{{a,n)) {tv{a),df 



u?(n)'tb(n) 1 n , (a, n) d"^ 

'^^ ' \ a^O mod n ^ ' ^ 



We always assume a € {— n + 1, — n + 2, ... — 1, 0, 1, n — 1}, representing a 
class a € Z/nZ. If furthermore d is prime the numbers of isotopy classes in 
a given direction is either 1, 2, d or (i+ 1 and the quadratic growth rates are: 
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# of cylinders 


Cdin) = 


1 
2 
d 

d+1 


n 1 v"' ^'({'ii'^)) 
(p(n)V'(n) d2 2^da/n&{l,...,d-l\ (a,n) 

n 2 ■sr^ ip{{a,n)) 
ip{n)tl;{n) d''^ 2^d~l>^d>l (a,n) 

n ci</3(n) _ d 

n O (rl \ ^ </'((a.")) 
¥>{n)i/;(n)" I" ' d'^^ J l^O<\a\<n/d (a,n) 



In particular there are two possibilities for prime d: 

— either {n,d) = 1, then there are no directions with only one isotopy 
class on surfaces located on the SL2(Z) orbit of [1/n] and we find 



Cdin) 



n 



(^((a,n)) ^ dipjn) ^ 



n 



(52) 



0<i2id<l 



{a,n) 



— or d divides n, then the asymptotic constant is the sum of all four terms 
in the table above, in particular there are always directions with only one 
isotopy class on surfaces in the orbit of 

Results for d = 2. For small d the above formulas simplify. In particular 
for d = 2 and n odd, formula ()52() reads 



C2in) 



(53) 



ip(n]ib{n) \ 4 , ^ (a,n) 

'^^ ' \ a^O mod n ^ ' ' 



2 9 ^ 

■0(n) 4 



1 



■\\j{n) ) 4 4?/;(n) 

The only thing we have used here is the obvious identity derived from equa- 
tion (jUJ: 

ip{n)'ip{n) = n ■ 



(a,n) 



a=l ^ ' ' a=l 

Note, if d = 2 the d-cylinder directions are in fact 2-cylinder directions. 
Because 1 < a < n for a system of representants a modulo n there is no 
\a\ > n/2. In more geometrical terms: the modular fiber has two horizontal 
cylinders, and the horizontal foliation of surfaces in both of these cylinders 
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have 3 = 2 + 1 isotopy-classes of closed geodesies. 

For even n the twist o = n/d = n/2 is integer and is on the horizontal leaf 
with vertical twist one. This horizontal leaf (see table above) reflects all 
directions with exactly one closed cylinder, thus for even n we obtain: 



1 



C2[n) 



(54) 



ip{n)ij){n 
9 
17 



1 n 9n v{[a,n) ) 
2^(n) + -v.( 2 ) + Y L 



41/1 (n) + 4 (-*■ 



2 

ip{n) 



2ip{n) 



9 

4tp{n) 



4?/i(n) 



We have used 
(55) 



n 



(p{n), if4fn 
i(/9(n), if 4 I n. 



if 4 f n 
if 4 I n. 



9. Asymptotic constants — saddle connections 

Since d-symmetric differentials have automorphism group Z/dZ and are 
coverings of degree d, they are are balanced. Take ^f^_^-^^T'^ d-symmetric 
and let vr : #f^_^_^^^T'^ —>■ (T^, [0], [th + it^]) be the canonical projection, then 
any saddle connection s G 5C(T^, [0], [th + ity]) has d preimages 

7r-\s) = {s,,...,s,} = {Aut{#l+,tj') ■ si} C SC{#i+,ty). 

Thus to find the quadratic growth rate of all saddle connections on #f^_,_jf^T^ 
is easy, if we know the one for the two marked torus (T^, [0], [th + ity])- We 
did this in |Slj . however it is much easier to use the method developed 
in this paper. The main thing to do is to find the asymptotic quadratic 
growth constants for saddle connections on connecting [0] and [th +itv]- 
Assuming [th + ity] £ T'^{n) = SL2(Z) ■ [1/n] formula El says mainly we need 
to measure distance of the points in SL2(Z) • [1/n] n to the origin to the 
left and right and sum up the squares of their reciprocals. This gives 

(56) c±(n) = V 4 

'^^ ' (j,n)=l 

with limit n ^ oo the Siegel-Veech constant for saddle connections connect- 
ing the two markings on the generic 2-marked torus: 

(57) c± = y . 
We obtain the obvious 
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Corollary 3. The asymptotic quadratic growth rate c^(n) of saddle connec- 
tions 5C±(#^^_,_j(^T^) on #^^_|_ji^T^ G £ ^^'^ connecting the two cone 
d 

th+itv ■ 



points o/#f T2 is 



(58) ci{n) = d , y 4 

(/j(n)V^(n) (^^^2 

For infinite orbit surfaces (generic) we obtain: 

(59) ^± = ^Y- 

This is clearly not surprising, but one can ask for certain subsets of this 
set of saddle connections, which are connected to the number of connected 
components a degenerate surface in I^/dl? C ^^^'"''^ contains. By SL2(Z) 
invariance of the asymptotic constants we need to consider the SL2(Z) orbits 
on /dT?. As we saw earlier for m\d each orbit ^d/m is generated by a 
particular torus i^m^'^ £ 1? jdH? and hence these orbits are in one to one 
correspondence to the divisors m\d. It follows from Theorem |H1 that all 
degenerated surfaces associated to m|d have m connected components after 
removing their "cone" point. Moreover all these connected components are 
tiled by djm squares and contain an equal amount of horizontal saddle 
connections. Now we use this observation to define subsets of all saddle 
connections connecting the 2 cone points of any (5, a) G 

To begin with take the (horizontal) spine S^S^h C '^hi'^^'^ '^d) and 
look at the saddle connections ^^h,m C S^l^h emanating or terminating 
in one of the points in G^. A surface (5, a) parameterized by y&'h^m, C 
^sym (^gggj;jgpa,tes into Gm along S^!^h,m- During such a deformation d 
horizontal saddle connections of (5, a) connecting the two cone points will 
degenerate. Since by Theorem Q the degenerated surface has m connected 
components, this component can be "cut out" of (5, a), by taking djm of the 
d saddle connections away. As a consequence we can organize these d saddle 
connections into m chains oidjm saddle connections which altogether define 
a boundary in homology. Given d and m|d, we call such a configuration of 
saddle connections an m-homologous family. 

Note that this notion is well-defined for non- arithmetic (= generic) surfaces 
in ^2^^ . In particular the Siegel-Veech constant for m-homologous families 
(one chain) on the generic surface in ^^^"^ is 

(60) 4(m) = -Im^IpidM, 

3 d ' TTt 



Constants for m-homologous cycles on finite orbit surfaces. Given 
a d, n G N, we consider the set of saddle connections on 
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According to the formulas developed earlier each saddle connection on i^fa+ib)d/'n^'^ 
is mapped to a horizontal saddle connection on some i^^fj^n^^ii/n'^^ ^ 
some A € SL2(Z). This A is determined up to a parabolic subgroup gener- 
ated by ui = ( Q ]; ) with orbit 

{uT-A- #J+,,),/„t2 : m G Z} - Z/wZ. 

The order w of this parabolic group equals the width of the cusp it defines 
in 

SL(#J+,fc)rf/„T2,dz)cSL2(Z). 

Since this width appears as a factor in the formula for the Siegel-Veech 
constants we can actually talk about the Siegel-Veech constants for saddle 
connections associated to any particular surface (compare equations 1191 and 

Of course, one cannot really associate a particular set of saddle connections, 
i.e. a set of saddle connections with distinguished properties depending on 
'^h{-#'ljj^ik)d/rJ'^^'^^)^ *° ^(j+ik)d/n^'^^ s™^^ ^^^^^ properties are preserved 
under the action of {u" : n € Z}. What we do instead is looking at the 
Siegel-Veech constant associated to the orbit 

nk = • #Uik^^ : n G N} C 5"*"^^. 

and divide the result by the cusp-width In that sense we understand 

the next theorem. Further we note that for a saddle connection Sa+ib G 
^^h,m bounded by #a+j;,T^ G Gm to the right we have (a, 6, d) = m, while 
(a -I- 1, 5, d) = m, if #(a+i)+jbTr^ £ bounds Sa+ib to the left. 

Theorem 9. Assume there is an 

^t+itj"^ ^ ^o.+ib n with Sa+ib G 

T/ien the asymptotic quadratic growth rate of the m-homologous families of 
saddle connections, which are associated to i^t^^n^ 

in the sense above, 

contained in {S, a) G is: 

Here e = 1, if we count saddle connections in the orbit of the one defined 
by the horizontal segment connecting ^^^^^^^T^ with #^Q_,_]^)^j^Tr^ G and 
e = otherwise. The quadratic growth rate of all m-homologous saddle 
connections on any (S, a) G is: 



(62) ciia) 



d 



Note: Any degeneration of iff^^^i^T"^ G ^J^™" collapsing the two cone points 
also collapses exactely d saddle connections. 
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Proof. Straight forward apphcation of formula [HI □ 

Like for cylinders the constants for saddle connections become easier if 
we restrict to torsion points of order n ^ d, with (n, d) = 1, because in this 
case (see equation ISO]) 

Thus we find for #J/„T2 g Tl{n) n 8''^"'% 

Taking the limit n ^ oo while assuming {n,d) = 1, gives the generic con- 
stants: 



7r2 1 



c 



Continuity of Siegel-Veech constants for d = 2. We discuss conver- 
gence of Siegel-Veech constants of saddle connections connecting the two 
cone points in case of 2-symmetric differentials. In this case the modular 
fiber is presented by 

The group H? jlTl? parameterizes four degenerated surfaces and using the 
multiplication isomorphism 

the three non- vanishing 2-torsion points on represent one SL2(Z) orbit, 
the other is the point [0] G n ^Z'^/Z'^. ^hi-^^^"" , 002) contains 4 saddle 
connections s^,s^, where the sf connect [i/2,0] G T'^ with [i/2, 1/2] G 
and the s~ connect [i/2, 1/2] G with [i/2,0] G T^. Now for all n G N 
with (n, 2) = 1, we have 

ff^nsf = {[a/n,b/n] G : {a,b,n) = 1} n sf = 0. 

The Siegel-Veech constant c^{n) associated with [0] G is not affected 
by this, since [0] is a fixed point of SL2(Z). By the above the Siegel-Veech 
constant cf{n) for surfaces on the orbit n odd, is entirely determined 
by intersections H s^. In fact, one easily states 

^2 (n+l)/2 ^ 

(63) cf (n) = 4—^—- y ^. 

^ ^ ^ ^ ip{n)'ip{n) ^ z2 

(i,2n)=l 

Now taking the limit over any sequence of odd numbers we find 

(64) cf = 4^^^M^C(2) = 3.C(2). 
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To see this, one can use the Euler product 

cp)=E^= n (i-3)-=na-3)-'n(i-3r'. 

i=l p prime p\q p\q 

from which one derives (for odd n) 



n 



oo ^ 



(i,2n)=l 

Now take an even n, then it fohows from Lemma |3 Equation 1471 

ip{n/2) and \0'n ^ = -ip{n) . 



This gives Siegel-Veech constants 
cf(n) 



n 



Lp{n)ijj{n) 



(65) 



^ n/2 ^ ^ n/2 
9 E 72 + 7 E 



2 « 

(j,n/2)=l 



4 ^ (n/2-i)2 

■i=l ^ ' ' 



n 



(j,n)=l 



(f{n)lp{n) 



(j,n/2)=l 



(j,n)=l 



1 v^n/2 1 I J_ Y^"/2 4 

2 i=l 77 -I- 16 2^ . i=l (n/2-i)^ 



if 4 I n 
if 4 f n. 



(j,n/2)=l {«,")=! 

Under the hypothesis (i, n) = 1 the difference n/2 — i can contain any prime- 
factor, but not the primes dividing n/2. Thus in case 4|n we can rearrange 
and find 

n/2 



(66) cf{n) 



nV4 



E ,-2 



3 • C(2) if 4 I n. 



V7(n/2)V'(n/2) ^ 

(i,n/2)=l 

If 4 I n (or (n/2, 2) = 1 ) we have to take into account that 2|(n/2 — i) and 



that 



ip{n)^{n) Z ip(n/2)^{n/2) 



to find 



(67) cf(n) = 4- 



3 (p{m)^lj{m) 



2 « 

(j,m)=l 



i = l 

(i,?Tt)=l 



3 • C(2) 



using m := n/2 and Euler products again. This estabhshes the convergence 
for 2-symmetric torus covers. In the same manner one can show it for d- 
symmetric differentials for every d. We do not write down the details at this 
place and remark that a general convergence theorem, i.e. one which just 
depends on the Siegel-Veech formula and Ratner's Theorem, would be the 
desired and expected result. 

Comments. The example treated in this paper as well as the various as- 
ymptotic formulas show that the asymptotic constants are very sensitive 
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invariants of the SL2(Z) orbit of a particular translation surface in ^J^™. 
The previous discussion of saddle connections shows, that we can charac- 
terize cusps of a particular SL2(Z)-orbit using particular types of saddle 
connections. The asymptotic quadratic constants are good enough to dis- 
tinguish (finite) SL2(Z)-orbits, moreover if one adds the horizontal cylinder 
decomposition of the modular fiber, the quadratic constants are good enough 
to distinguish cusps of a particular SL2(Z) orbit. 

As a matter of fact the quadratic growth rates of saddle conntections de- 
pend only on the saddle connections in the horizontal foliation of The 
generic constants however, obtained by approximation along the horizontal 
foliation are also the constants for saddle connections which will never be 
horizontal under application of an A G SL2(Z). 
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